Abstract. Let P 19 be the parametrizing space of cubic surfaces in P 3 . The subset corresponds to non-singular cubic surfaces open in P 19 . We denote by M k ⊂ P 19 the subset of points corresponding to non-singular cubic surfaces in P 3 with at least k Eckardt points. For every k, we determine the dimension and the number of irreducible components of M k . A nonsingular cubic surface can be viewed as the blowing-up of P 2 at six points in general position. A close study of the configuration of six points in P 2 enables us to describe the configuration space of points in P 19 corresponding to non-singular cubic surfaces with a given number of Eckardt points. This study also provides an easy method to obtain the classification of nonsingular cubic surfaces according to the number of Eckardt points, which is a well-known result.
Introduction
Throughout the paper, we work on varieties over an algebraically closed field with characteristic zero.
Let P 1 , P 2 , P 3 , P 4 , P 5 and P 6 be points of P 2 . They are called in general position if no three of them are collinear and not all of them lie on a conic.
Denote:
= {P = (P 1 , P 2 , P 3 , P 4 , P 5 , P 6 ) | P 1 , P 2 , P 3 , P 4 , P 5 , P 6 are in general position}.
The set is an open subvariety of dimension 12.
Let l be a line in P 3 . Let a, b ∈ l be two points such that a = b, given by a = (a 0 Fix an ordering in the set of monomials of degree three in k[x 0 , x 1 , x 2 , x 3 ]. Let P 19 be the parametrizing space of cubic surfaces in P 3 k . For each x ∈ P 19 let X x denotes the cubic surface corresponding to x. Let ⊂ P 19 be the locus of singular cubic surfaces. Then is a closed subset of P 19 (see [5, p. 79] ). Thus, P 19 − is open and parameterizes the set of non-singular cubic surfaces.
The blowing-upX of P 2 at six points in general position is isomorphic to a non-singular cubic surface in P 3 . A way to see the 27 lines on a non-singular cubic surface is as follows.
The linear space of plane cubic forms passing through six points in general position has dimension four. A choice of a basis for this linear space determines a rational map from P 2 to P 3 . The closure of the image of this rational map is a non-singular cubic surface. This cubic surface contains exactly 27 lines. They are: (i) the exceptional curvesP i , for i = 1, . . . , 6 (six of these); (ii) the strict transforml ij of the line l ij in P 2 containing P i and P j , 1 ≤ i < j ≤ 6 (15 of these); and (iii) the strict transformC j of the conic C j in P 2 containing the five P i for i = j, j = 1, . . . , 6 (six of these). A hyperplane is called a tritangent plane with respect to a given smooth cubic surface X if the intersection consists of three lines. If these three lines have a common point then they form a star triple and the common point is called an Eckardt point (or star point). We denote by M s the subset of P 19 corresponding to non-singular cubic surfaces with at least s Eckardt points. The classification of non-singular cubic surfaces according to the number of Eckardt points is well known and there are several ways to obtain the classification [1] [2] [3] 13] . For example, in [9] , the classification could be obtained by considering Sylvester's canonical forms of cubic surfaces and the number of homographic transformations. We will see that the classification is implied when studying a configuration of six points in P 2 corresponding to non-singular cubic surfaces as described above.
Studying a cubic surface by considering the corresponding six points in P 2 has been also used for the singular, semi-stable cubic surfaces in [8] and for describing the boundaries of the moduli spaces in [7] .
Basic notation and concepts
In blowing up P 2 at six points in general position P 1 , . . . , P 6 , each tritangent plane is defined uniquely by a triple of lines in the form (P iCjlij ) or (l ijlmnlkh ). Let T denote the set of 45 such triples corresponding to a given smooth cubic surface.
Remark 2.1. Let T 1 and T 2 be two triples in T having no line in common. Each line of T 1 meets exactly one line of T 2 . There exists uniquely another triple T 3 ∈ T such that each line in T 3 forms one tritangent plane with one line of T 1 and one of T 2 . Such a set of three triples in T is called a Steiner set.
By blowing up, we see that any Steiner set of a given smooth cubic surface X has one of the following three forms:
where the indices belong to {1, . . . , 6} and the different indices denote different numbers.
Any Steiner set
can be reordered and written in matrix form:
such that the rows and the columns express two Steiner sets. For example
Let ϕ be the quadratic transformation corresponding to three points P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0), P 3 = (0 : 0 : 1),
Its inverse is (y 0 : y 1 : y 2 ) −→ (y 1 y 2 : y 0 y 2 : y 0 y 1 ).
(Note that, we say 'blowing up at P = (P 1 , . . . , P 6 )' instead of 'blowing up at P 1 , . . . , P 6 ').
Proof. Let X and Y be the blowing-ups of P 2 X at P = (P 1 , . . . , P 6 ) and Proof. Up to quadratic transformations, we can assume that the common line is the strict transform of some conic C i . The three Eckardt points come from tangent points of three tangent lines from P i . This is impossible. 2
A study of M 1
For each x ∈ M 1 , and view the corresponding cubic surface X x as the blowing-up of P 2 at six points in general position. Each star triple of X x is of the form (P iCjlij ) or (l ijlmnlkh ). As we have seen in Remark 2.3 and Lemma 2.4, we can consider X x as the blowing-up of P 2 at
. We know that for any x ∈ P 19 − , the number of elements of p −1 (x) is 51 840. This implies that, dim L = 19 (see [4, V.4.10.1] or [6, p. 180] . Let
L i is the exceptional curve with respect to P i ∈ P; X 2 3 is an embedding of X in P 3 }.
Note that for any P ∈ , we have
Note that for any α ∈ L, we have
Proof. We first prove that K 1 is irreducible of dimension 11. Let
−→ P 2 where p 1 , p 2 are the projections. Since p 1 is surjective and every fiber is irreducible and has dimension three, this follows that F 1 is also irreducible and F 1 has dimension five. Moreover, the map p 2 is surjective and every fiber is irreducible and has dimension six, so F 2 is irreducible and has dimension 5 + 6 = 11. Finally the projection F 2 −→ K 1 is an isomorphism. This implies that K 1 is irreducible and has dimension 11.
Consider the following diagram.
Our task is now to prove that D 1 is irreducible and then this implies that
is irreducible. Let L P denote the set of cubic forms passing through the six points P 1 , . . . , P 6 of a given P in . This set is a linear vector space of dimension four.
Then we have the following commutative diagram
where the map p :
in the above diagram is surjective and every fiber is isomorphic to (P
Consequently U is irreducible. For any basis {ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 } of L P , there exist embeddings in P 3 of the blowing-up of P 2 at P; namely embeddings come from For each x ∈ M (2) 2 , view X x as blowing-up of P 2 at six points in general position. Moreover, by Remark 2.3 and Lemma 2.4, we can assume that X x has a pair of star triples in the form (l 12l34l56 ), (l 12l35l46 ). Let
2 ). Similarly, up to permutations and quadratic transformations, we can assume that each cubic surface corresponding to an element of the subsets M (3) 2 , has a pair of star triples in the
The configuration for members of K (2) 2 .
2 ), and then by the above argument, we have M
2 ). 
Suppose that K (2) 2 is irreducible, we prove that D (2) 2 is irreducible, then this implies that M (2) 
where L P is used as in Section 3. Consider the following commutative diagram
2 is surjective and every fiber is isomorphic to (P 3 ) 4 . Therefore, Y is irreducible. Consequently, the set U is irreducible. As in the proof of Theorem 3.1, we see that D (2) 2 is isomorphic to an open subset of U × P 3 . In particular, D (2) 2 is irreducible. Next, we prove that K (2) 2 is irreducible of dimension 10. Let
−→ F 1 where the maps p 1 , p 2 are projections. Since F 1 is irreducible of dimension four, the map p 2 is surjective and every fiber is irreducible of dimension four, so F 2 is irreducible of dimension eight. Also, the map p 1 is surjective and every fiber is irreducible of dimension two, so F 3 is irreducible of dimension 8 + 2 = 10.
is an open subset of F 3 if we let
is irreducible of dimension 10. This implies that dim(M (2) 2 ) = 10 + 15 − 8 = 17. Similarly, we prove that K (3) 2 is irreducible of dimension 10 and then M (3) 2 is irreducible of dimension 17.
Finally, we prove that M (2)
2 and M 1 are closed. Let
Then the projection p : 
2 and M 1 above is used several times in the rest of the paper. 2 , we have X x ∈ M 3 . Conversely, if x ∈ M 3 , then the corresponding surface X x has at least three star triples and there exist two of them having no line in common. For this, suppose that X has two star triples, say T 1 and T 2 , having one line in common. Let T 3 be another star triple which has one line in common with T 2 . Then T 1 and T 3 have no line in common, otherwise this situation contradicts against the fact that the five tritangent planes containing a given line of any non-singular cubic surface in P 3 are different. 
A study of M 4
Recall that M 4 is the set of points corresponding to non-singular cubic surfaces with at least four Eckardt points. Since
2 , this implies that for each x ∈ M 4 , the surface X x has a star-Steiner set. Moreover, if X x has a star-Steiner S = {T 1 , T 2 , T 3 } and another star triple T having two lines in common with S, then T has all lines in common with S. This follows from Remark 2.1. Therefore, the set M 4 consists of elements in one of the three following subsets: 
A study of M (4) 4
By Lemma 2.4 and up to permutations, we can assume that for each x ∈ M (4) 4 , the corresponding cubic surface X x has the star-Steiner set
Therefore, the subsets M (4) 4 , up to permutations, consists of points corresponding to surfaces which possesses S and the star triple (P 3C1l13 ). Proof. We first prove that K (4) 4 is irreducible of dimension nine. Let
The map p 1 is surjective and every fiber is irreducible of dimension two. This implies that F 2 is irreducible of dimension 5 + 2 = 7. Similarly, the map
is surjective and every fiber is irreducible of dimension one. Therefore, F 2 is irreducible of dimension eight. Finally, consider
The map p 3 is surjective and each fiber is naturally isomorphic to A = {(P 5 , P 6 ) ∈ C × C | Q ∈ l 56 ; P 5 = P 6 }.
The map h is surjective and every fiber consists of one point. Therefore, A is irreducible of dimension one. This implies that F 3 is irreducible of dimension 8
This induces the following diagram.
We prove that D (4) 
is irreducible. This implies that M (4)
ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 are non-zero cubic forms passing through P 1 , . . . , P 6 } ⊂ K (4) 4 × (P 9 ) 4 and U = {(P,
where the map p : K (4) 4 × (P 9 ) 4 −→ K (4) 4 is the projection. The map Y g −→ K (4) 4 is surjective and every fiber is isomorphic to (P 3 ) 4 , therefore Y is irreducible. Consequently U is irreducible.
As in the proof of Theorem 3.1, we see that D (4) 4 is isomorphic to an open subset of U × P 3 . So D (4) 4 is irreducible. For the closedness of M (4) 4 , see the proof of Theorem 5.5. 2 
A study of M (6) 4
For convenience, from now on, for any two star triples T 1 , T 2 of a non-singular cubic surface X such that T 1 and T 2 do not have any line in common, we denote by T 1 T 2 the third star triple of the star-Steiner set determined by T 1 and T 2 . By this notation, we have,
For any x ∈ M (6) 4 , the surface X x possesses a pair (S, U ) where S = {T 1 , T 2 , T 1 T 2 } is a star-Steiner set and U is another star triple which has only one line in common with S and we can assume with T 1 . We can assume that T 1 = (C 1P2l12 ), U = (C 1P3l13 ). Then the star triple T 2 , up to permutations, has one of the following kinds:
Note that if T 2 has form (C 2P4l24 ) or (l ijlmnlkh ) then T 1 T 2 has the form as in (i) or (iii). 
Proof. The proof is analogous to that of the proof of Theorem 5.1 when K (4) 4 is substituted by K (6) 4 . Also, for closedness of M (6) 4 , see the proof of Theorem 5.5.
2
4 has at least six star triples, which form four star-Steiner sets and each star triple has exactly one line in common with another star triple among the six above. Hence, M (6) 4 ⊂ M 6 . Proof. By Lemma 5.2, we can assume that X possesses a pair {S, U }, where
It is easy to see that X has two more star triples, namely: T 2 U = (C 4P1l14 ) and U(T 1 T 2 ) = (C 2P4l24 ). Moreover, they form four star-Steiner sets, namely:
Recall that M (9) 4 is the set of points corresponding to non-singular cubic surfaces such that each surface has a pair {S, U }, where S is a star-Steiner set and U is another star triple having no line in common with S. We can assume that each cubic surface X corresponding to an element of M (9) 4 has the star-Steiner set S = {(l 12l34l56 ), (l 15l24l36 ), (l 45l26l13 )}. This implies that U has the form (P iCjlij ). Furthermore, we can assume that U = (C 4P1l14 ) by using a suitable permutation.
4 ) and (L 4 ) (9) = (D (9) 4 ). By the above argument, we have M Proof. The proof is analogous to that of the proof of Theorem 5.1 when K (4) 4 is substituted by K (9) 4 . We need to show that the subsets M (4) 4 , M (6) 4 and M (9) 4 are closed in P 19 − . Repeat the argument and notation used in the proof of the closedness of M 1 and M 2 in Theorem 4.1. Consider the following sets:
We have
G (4)
and G (9) 
In particular, the subsets M (4)
4 ) and M (9) 4 = p(G (9) 4 ) are closed in P 19 − . 2 PROPOSITION 5.6. Each cubic surface corresponding to an element of M (9) 4 contains at least 9 Eckardt points and at least 12 star-Steiner sets.
Proof. We can assume that X is isomorphic to the blowing-up of P 2 at P = (P 1 , . . . , P 6 ) ∈ K (9) for P 2 such that P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0), P 3 := (1 : 1 : 1) and P 4 = (0 : 0 : 1). So the conic containing P 2 , P 3 , P 4 and being tangent to l 12 and l 14 at P 2 and P 4 , respectively, is given by
It is easy to see that l 24 = V (x 0 ) and S 0 S 1 = V (x 1 + x 2 − x 0 ). Therefore, either P 5 = (1 : : − 2 ) and P 6 = (1 : − 2 : ) or P 6 = (1 : : − 2 ) and P 5 = (1 : − 2 : ) where is a primitive cube root of unit. A computation shows that the three lines l 24 , l 35 Recall that M 7 , M 8 and M 9 are the subsets corresponding to non-singular cubic surfaces with at least seven, eight and nine star points, respectively. Proof. First of all, we have
4 , see Theorem 6.1. 10 ∪ M (9) 4 ⊂ M 9 is clear.
10 . By Lemma 7.1, we can assume that X x has a set {S, U, V }, where
is a star-Steiner set, U = (C 1P3l13 ) and V = (l 12l34l56 ) are star triples. Let
l 12 and l 13 is tangent to C 1 }, see Figure 5 . Similarly, we can assume that for each x ∈ M (18) 10 , the surface X x is isomorphic to the blowing-up of P 2 at one element of the following set
l 12 and l 13 is tangent to C 1 }.
Let D 
Proof. Let x ∈ M (18)
10 and assume that X x has at least 18 star triples as follows:
10 , then X x has a set {S, U, V }, where S is a star-Steiner set, U is a star triple with all lines in common with S and V is a star triple which has only one line l in common with S.
Note that, the above 18 star triples consist of all 27 lines of X x and each line of X x does not occur in more than two star triples (Corollary 2.6). Therefore, the star triples in {S, U, V } belong to the above 18 star triples. In particular, the pair {S, U } forms one of the three above matrices.
Since V has one line in common with S, the star triple V is one of the rows or the columns of the matrix formed by S and U . However, V then has all lines in common with S. This is a contradiction.
2 10 . We can assume that X has the set L consisting of 18 Eckardt points generated by a set {S, U, V } as in Lemma 7.1. However, as we have seen in the proof of Proposition 7.5, the set L consists of all 27 lines of X, each line occurs in two star triples. Therefore any star triple of X belongs to L. This means that X x does not have more than 18 Eckardt points. 
